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a-b)(d'g-d) l0g L 2 J 

or s — (q+&)d' l g( C08 h(V[2fc«»-l»(d-g-d)] M(a+6)<H). 

(o-6)(dgi-d) 

S =— log(cosh;>0 where p=J—^p^ . 

For four seconds, »= — j-log(cosh4p). 

[See Bowser's Analytic Mechanics, page 314, ex. 5, where v—0 and d=0, 
of equation (3) above.] 

Also solved by ELMER BCHVYLEB. 



AVERAGE AND PROBABILITY. 

61. Proposed by COL. CLARKE. 

A cube being cut at random by a plane, what is the chance that the section is a hex- 
agon ? [Erom Williamson's Integeal Calculus.] 

Solution by LEVIS NEIKIEK, Graduate Student, University of Colorado, Boulder, Col. 

I. Preliminary Investigation. 

Let S, the random section, be determined by the coordinates p, <p, and 0, 
being the angle between p and its projection on A CFG and <p the angle between 
AC and the projection of p. Let P be the point of intersection of p and S. Al- 
so let p increase from zero for <p and 0<.in, S, starting 
with three sides at A, gains three more, one at each of 
the corners C, G, and H ; and loses three, one at each of 
the corners B, E, and F. q> and determine the order 
in which these gains and losses shall occur, and plainly 
8 can be hexagonal only when the first loss is antedated 
by all three gains. 

For p in the diagonal AD (cp=\7t, 0— cot - V2)> 
the three gains are simultaneous and are followed by 
three simultaneous losses. For p as an element of the area DAF {<p=\7t, 0< 
cot _1 v/2), one gain at H is followed by two more at C and G ; then two losses at 
B and E, followed by one loss at F. For p as an element of the areas DAE and 
DAB (g><lx and 0=tan- 1 cos9>, and g>>\7t and d=Xaa- 1 smcp) there is a like 
sequence of gains and losses. So far it has been easy to enumerate the exact 
order in which all the gains and losses occur. 

Fory within the solid angle A — DECF (<p<i7rand ^tan^cos^) the first 
loss occurs at B, and the last gain at C ; the order and place of the remaining 
gains and losses would be difficult to enumerate and is in any event immaterial 
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to the solution. A similar enumeration and statement to the angles A — DBQF 
and A — DBHE. Evidently, then, our attention may be confined to any one of 
these angles, say A — DECF. 

II. Solution. 

As p increases within the solid angle A — DECF (<p<i?r and ^tan-'cosip), 
S, starting at A with three sides, gains two sides successively at G and H, the 
order being immaterial ; then for some values of <p and O it will gain a third side 
at before losing the first one at B ; for other values this loss at B will andedate 
the third gain at C ; in fact it may antedate the second of the two gains at 6 or 
H. For certain values of q> and 6 between these extremes, this first loss and 
final gain will concur. In this last case p is an element of the area EAF (<p<C\n 
and ^=tan _1 [cos9>— sin<p]) ; for this area is plainly perpendicular to BO, and 
must therefore contain p when S reaches B and simultaneously. 

The number of cases which have the coordinates p, <p, and i) are dpdu>= 
vas6dpdt)dq>, where to is a solid angle with its vertex at A. The integration of 
p for the favorable cases extends from p t to p 2 , where p., is the value of p when 
S reaches C, and p 2 is the value of p when S reaches B. The integration of 
extends from the plane EAF to the plane DAE, and the integration of q> from 
to in. The above limits may be calculated from the following spherical trian- 
gles in which the primed letters refer to points on a unit sphere, center at A, 
corresponding to points with unprimed letters in the figure. 

It the right spherical triangle P'C'F, P'CW,, FC'=<p, P'F—0, and 
Z.P'FC'=Q0°. Then p t =acos</' i =acosffcosg), where a is an edge of the cube. 

In the spherical triangle B'P'H', B'F=45°, B'F=f t , P'F-=W-ti, and 
lB'H'P'=QO°-(p. Then p 2 =ra,/2co8<.'< 2 , cos^' 2 =(l/ 1 /2)(sin6'+cos#sin^). 

.•. p s =a(sinft-\-co8(*&m<p). 

In the right spherical triangle F'P'C right angled at C, P'C'=ff l , FC'= 

45°-<p.md./.P'FC'=cot-Kl/i/2). 

Then tan# ( =]/2 sin(45° — <p)=cosq>— sintp. Then ^ 1 =tan — l (cae<p— sin<p). 

In the right spherical triangle P'H'E' right angled at E', H'E'=45°, P'H' 
=90° — # 2 ,and /_P'H'E'=<p. Then tan0 s ==cos<p, ^^tan^cos^. 

All the favorable cases 

I } cos0dT><Md<p=12«.(|/3 tan- 1 U/Z— 1/2 tan- 1 1./2). 
o • , v p, 

The integration for the total number of cases extends for/) from to p\ 
where p' is the value of p when 8 reaches D ; for #, from to in, and for <p from 
to in. 

In the spherical triangles D'AP' and D'AF, D'A=(}>', P'A=9, D'P'=P, 
lD'AP'=d, FA=(45°-tp), F'D' =ta.n~Kl/i/2), L UFA ==90, and lD'AF-=- 
(90°- a). 

Then cos^'=i/f cos(45° — <p)=(l/|/3)(cos9>+sin<7>), tan«==i/2 sin(45— <p) 
=co8<p— sin<p, 
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p=a]/3 cos/?— aj/3 (eo8V''cos0-|-sin<.'''sin0cosa') 
=a[eos6'(cos<p+sin9>)-t-sin#]. 
The total number of cases is 



T=4 f f * f P cos6'rfpd6'd9>=3^o. 



Therefore the probability is P--=E/T=4/ti^/3 tan 1 |,/3-|/2 tan~» £j/2). 

Note.— I wish to acknowledge my indebtedness to Professor DeLong and Mr. Frank Glffin for look- 
ing over this solution and making valuable suggestions. 



MISCELLANEOUS. 

70. Proposed by WALTER H. DRAKE, Graduate Student, Harvard University, Cambridge, Mass. 

Prove tau - 1 a;=- ? r7-( log — r-:), and thence that 7r=(2/t)log(i). 
£% * x-\-%/ 

I. Solution by GUY B. COLLIER and HAROLD C. FISKE, Class 1901, Union College, Schenectady, H. T„ 
and the PROPOSER. 

Consider the integral, 

J^tan-* (1). 

Integrate the left member by partial fractions 

/dx 1 T dx X f dx 1 . x—i .„ 

T±x*~~~WJx^i ~2fJx+l~~2f S x+l C '' 

.-. From (1) and (2), 

tan - % = _ log _ 

When x—1 this becomes 

ar=(2/r)log(— i), it should have been. 

II. Solution by R. E. GAINES, A. M„ Professor oi Mathematics, Richmond College, Richmond, Va. 
We have the identity 

1 _ 1 / 1 1 \ t f dx. _ l . (i— x\ 

1+a; 8- 2i \ i-x i+x )' "J l+x*~~ 2i g Vi+*/ 



